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Abstract

We present in this article a stochastic algorithm based mainly on [Monte Carlo Methods and Applications 5(1)
(1999) 1; Stochastic particle approximations for Smoluchowski’s coagulation equation. Technical Report, Weierstrass-
Institut for Applied Analysis and Stochastics, 2000. Preprint No. 585] applied to the integration of the General Dy-
namics Equation (GDE) for aerosols . This algorithm is validated by comparison with analytical solutions of the
coagulation—condensation model and may provide an accurate reference solution in cases for which no analytical
solution is available.
© 2002 Elsevier Science B.V. All rights reserved.
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1. Introduction

The gas-phase pollution has been widely investigated [3] and numerous three-dimensional models are
available. The next step is now to take into account the atmospheric particulate matter. Aerosols may
indeed have a strong impact on the atmospheric radiative balance, on the gas-phase concentrations (es-
pecially through the gas to particle conversion) and on man health.

Aerosol modeling in current 3D atmospheric Chemistry-Transport Models is usually made by appro-
priate parameterizations [4]. Size-resolved models are however a key issue [5] since many properties of
aerosols are deeply related to the size. It is also important to follow the aerosol size distribution (or density),
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let us note ASD, along time. The ASD evolution is modelized by the General Dynamics Equation (GDE)
[3] which takes into account the physical processes of aerosols as coagulation, condensation/evaporation,
nucleation, and removal.

Some models already exist to solve this equation and we will distinguish the so-called multi-modal models
for which an a priori form is chosen for the ASD and the size-resolved models which directly solve the GDE
with appropriate numerical schemes.

In multi-modal model the ASD is usually assumed to be a sum of log-normal densities, and the GDE is
solved through the ASD moments. We refer for instance to [6,7]. The advantage of this method is a few
number of parameters and a rather easy implementation. The limitation is however a possible lack of
accuracy since the only first moments of the ASD have been preserved.

In size-resolved methods the aerosol size spectrum is discretized into a finite number of bins and the
GDE is solved within each bin, whatever the numerical scheme is. This kind of method can be performed in
two different ways whether one solves each process separately or not.

Splitting is usually advocated in order to focus on each process separately. Coagulation is usually solved
with “size binning” algorithms. We refer for instance to [8,9]. The drawbacks of this method are the lack of
convergence results and the diffusion for large bins. Condensation/evaporation leads to an advection-
equation for the ASD for which many algorithms have been developed [10].

Nevertheless splitting always introduces a “splitting error’” and the aerosol size grid may be different for
each process, which may imply some numerical difficulties.

With a coupling approach all physical processes are solved in the same time. This can be for instance
performed by finite elements methods applied to the whole GDE [11-13].

However, the main drawbacks of the previous approaches are the lack of theoretical results proving the
convergence of the numerical solution to the solution of the GDE. The GDE can be solved analytically for
academic cases only and validation for such cases does not ensure a good behaviour in more realistic
situations. The lack of reference solution has already been underlined for instance in [14]. Searching a
numerical reference solution, not necessary for operational purposes, is therefore a key issue. Such refer-
ence solutions do not have necessary to be computationaly efficient but highly accurate in order to be used
in benchmarks of fast numerical methods as those listed above.

Stochastic methods are good candidates for this role. They have already been used to solve the Boltz-
mann equation [15,16] and more recently to solve the coagulation equation [1,2,17]. The key advantage of
these methods is that they rely on a stochastic formulation of the GDE, which provides a basis for their
validity. They are moreover rather easy to implement.

We propose in this article an extension of such approaches to the whole GDE for single component
aerosols. The article is organized as follows: in Section 2 we briefly summarize the key features for the GDE
and we present the mass flow formulation. We present our algorithm in Section 3. Some numerical tests are
summarized in Section 4.

2. General dynamics equation and mass flow formulation

Notations and dimensions. In the following article the letters v and » will, respectively, always represent
the volume and the radius of one physical aerosol,' they are expressed, respectively, in um?® and pm. We will
refer either to v of r as the “aerosol size.” We assume one single aerosol is completely described by its size.

The term particle will constantly refer to numerical particle, which is defined in Section 2.2.

Air volumes are expressed in cm?, the aerosol concentration in air is then expressed in #aerosols cm .
We assume the specific mass of aerosols to be size and time independent, then the aerosol volume and mass

1
" v and r are related by v = {m? <= r = ().
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concentration are equivalent. In order to avoid confusion between volumes of different kinds, we will al-
ways talk about aerosol mass concentration although it is in fact the volume concentration expressed in
pum? cm~.

The ASD describes the repartition of aerosol concentrations with respect to their size. This one is usually
represented by a continuous density of concentration n(v, ) so that n(v, ¢) dv is the concentration of aerosols
whose sizes range between v and v + dv at time ¢. Then the dimension of n(v, 7) is #aerosols cm > um™. Let
us note ¢(v,¢) the aerosol mass density, which is merely derived from n by ¢(v, ) = vn(v,1).

The relative densities will be noticed # and q.

2.1. General dynamics equation

For a single component aerosol, the time evolution of n is then given by the following equation [3]:

%(v,t) :% /U:_UOK(u, v—wn(u,)n(v — u,t) du —n(v,t) /v:o K(u,v)n(u,t) du

coagulation gain coagulation loss (1)
0 ([ on )
v

condensation

(0,1) + Ouy.00Jo(t) — R(v, t)n(v, 1),
—_——— Y——

nucleation deposition

where K (u,v), Ip(v,t), Jo(t), and R(v,¢) are, respectively, the coagulation, condensation/evaporation, nu-
cleation, and deposition kernels. The physical properties of each process is entirely described by their kernel
expression. According to the previous notations K (u,v) is in cm® s7!, Iy(v,¢) in pm? s7!, Jy(¢) in #aerosols
cm~? s7!, and R(v,t) in s7!.

Aerosol size spectrum. The smallest size vy is the aerosol size from which and aerosol becomes stable and
begins to grow, it is then the nucleation size. The coagulation loss term implies an infinite integral, actually
as large aerosols are finally removed from atmosphere by gravitational settling, oo can be replaced by the
maximum v, of aerosol size existing in the atmosphere.

Atmospheric aerosols radius usually range from 0.001 to 100 um, which makes the atmospheric aerosol
Dynamics lie from the free molecular regime (K, > 10)? to the continuous one (K, < 0.1). Then expressions
of various kernels have to take into account both regimes. The nucleation kernel is not concerned as this
process does not influence already existing aerosols.

In Sections 2.1.1 and 2.1.2 we derive the usual expressions of the coagulation and condensation/evap-
oration kernels in the continuous regime, their complete expressions are given in Appendix A.

2.1.1. Coagulation kernel
The coagulation is mostly due to the Brownian activity [18], which may be written in the continuous
regime for spheric aerosols of size u and v as

1 1

Ko =T a4 (1) (2] @

where k, = 1.381 x 102 J K™! is Boltzmann’s constant, y,; the dynamic viscosity of air, and T is the air
temperature.

2 K, is the Knudsen number, ratio between the mean free path of air, 4,;,, and the particle radius, for average atmospheric conditions
Aair = 0.0651 pum.
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That is to note the Brownian kernel can be considered in first approximation as a constant, indeed for
equal size aerosols the coagulation kernel is reduced to

8k T

3)
Therefore this constant is usually called the Brownian constant and is equal to 6.405 x 107 cm?® s7! for
average atmospheric conditions.

2.1.2. Condensationlevaporation kernel

The condensation/evaporation process describes the relaxation to an equilibrium between aerosol and
gas phases for one chemical species i. The equilibrium is usually achieved by a diffusion process between the
bulk gas and the aerosol surface, the condensation kernel is then written for aerosol of size v in the con-
tinuous regime as [3]

e = S0t (4) * ), @

where D; is diffusion coefficient of species i in air and M; its molar weight, pp the specific mass of
aerosols, assumed to be independent of the particle size, and R = 8.314 J mol™" K~! is the molar gas
constant.

The difference between the vapor pressure of i far from the particle, p°, and the equilibrium vapor
pressure, p;’, is the driving force for transport of i. The latter is the result from thermodynamic equilibrium
between gas and aerosol phase, some models have been developed for multicomponents aerosols, as
Isorropia [19]. There is effective condensation when p>* > pi (I)(v,¢) > 0) and effective evaporation when
p,x gpfq (]0(U7 t) < 0)

Eq. (4) can be rewritten as

4nD;M;
L(v,6) = a,(0)0F,  oi(t) = —— > 5
o) = o, o) =00 (4n)<ﬁ ) 5
The fraction 1/3 is characteristic of diffusion processes and o,(¢) has the dimension of a diffusion coefficient

2 1
pm? st

Let us give an idea of the value of o,(¢) in the case where species i is water: D, ~ 1074 m? s7!,
M; =1.8x 1072 kg mol ", p, = 10° kg m=3, T =300 K, the water saturation vapor pressure for such
temperature is approximately p;* ~ 3000 Pa.

In the case of condensation, we guess a vapor pressure p>° = 2pi4, then o, is approximately equal to
1.7 x 10* pm? s~! for pure water droplets.

Expression (4) of the condensation rate of i remains the same in the multicomponents case.

2.1.3. Nucleation kernel

Nucleation of vapor substances in the atmosphere can occur both homogeneously and heteroge-
neously, and may involve several chemical species as the well-known binary nucleation process
H,0-H,S0;,.

Theoretical expressions for homogeneous nucleation can be obtained either from kinetic approach [20]
or from thermodynamic considerations [3]. The nucleation rate can generally be written in the form

Jo(t) = Cexp (— ib(;j), (6)
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where AG* is the free energy required to form a stable nucleus and C is a constant depending mainly on
vapor pressures of each chemical species. Some parameterizations of the nucleation rate are available in
[21,22].

2.1.4. Deposition kernel

Aerosols can be removed from atmosphere either by deposing on any ground surfaces (dry deposition),
or by sticking to rain drops (wet scavenging). The impact of both processes are usually proportional to the
ASD, therefore the expression of aerosol loss by deposition is written in the form

(%)dep = —R(v,0)n(v,1). (™)

That is to note Eq. (7) describes a relaxation process where 1/R(v, ), time dimensioned, represents the life
time in atmosphere of aerosols of size v.
In the case of dry deposition R(v,¢) is expressed in term of a deposition velocity Vy(v,¢) [18]

Va(v, ) 1

(Uv ) Az d(vv ) Ra+Rb+RaRsz(U;t)

+ V(o) ®)

where Az is the vertical reference height of the model, ¥;(v, ¢) the sedimentation velocity of aerosols of size v,
R, the aerodynamic resistance between the reference height and the ground, and R, is the resistance to
Brownian diffusion in the laminar sublayer just above the surface. The expression of ¥ is obtained by
analogy with electric circuits.

2.2. Principles and mass flow equation

The coagulation process is quite difficult to modelize in terms of stochastic dynamics because of its non-
linearity. Let us first briefly summarize the stochastic methods already developed for coagulation.

As the coagulation term is non-linear in the ASD ¢ (10), it would then be necessary to know the density ¢
to simulate exactly the coagulation process. But the density g is precisely the quantity we want to compute.

The key idea to overcome this difficulty is that according to the law of large numbers, the density may be
approximated by the empirical measure of a large number of particles. This leads to work with a large
number of numerical particles and to replace g by the empirical measure in the coagulation mechanism. In
fact non-linearity is replaced by interactions between particles. As a consequence coagulation is treated
accurately only if the number of numerical particles, let us note P, is large enough to ensure that the mean-
field asymptotics holds.

Stochastic algorithms for coagulation mainly differ whether what is associated with one numerical
particle.

To fix one’s mind let us consider one numerical particle labeled by i. In [17] Lushnikov associates with
this particle one physical aerosol of size y;. The drawback of this method is that the number of particles
decreases as coagulation makes the number of aerosol decrease, which is a strong limitation as coagulation
converges in the limit of the number of particles going to infinity.

To avoid this problem Babovsky in [1], Wagner and Eibeck in [2] associate with the particle one unit
mass of aerosols of size y;(¢) at time ¢. Then the particle represents a number 1/y;(¢) of aerosols of size
y; at time ¢. As coagulation physically preserves the total aerosol mass, the number P of numerical
particles remains constant. This kind of algorithm is then called “mass flow algorithm,” let us note
MFA.

The next step is to extend the MFA to condensation/evaporation, nucleation, and removal. The total
aerosol mass being now likely to vary, a first idea is to allow the number P of particle to vary along time
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[23], as this one is directly linked to the total acrosol mass in MFA. But P decreases with evaporation and
removal, which we would like to avoid for the same previous reasons.

In order to keep a particle number at least non-decreasing, a second idea is to allow the unit mass of
aerosols of each numerical particle to vary, let us note w;(¢) this varying mass for the ith particle at time ¢, in
the previous MFA w;(¢) was always equal to unity. The ith particle now stands for a number (w;/y;)(¢) of
physical aerosols of size y,;(¢). The varying mass w;(¢) is connected to the condensation/evaporation and
removal processes, which no longer affect the number of numerical particles.

As the nucleation process is independent of already existing aerosols, it cannot be related to preexisting
numerical particles, and has to be treated by creation of new numerical particles. Then P may increase by
nucleation, which has no impact on the algorithm convergence.

The MFA is based on the aerosol relative mass density g(v, ¢)

qmo%”, 0= [ ) dv. 9)

)
From (1) one easily gets (calculations are reported in Appendix B)

oG g — o K
S = [ oM g a0 du=dtn) [ 05 gwn au

vV—u

non linear terms of coagulation

+ (M0 R Jaten - G0 + 2005,
N ——r’

v ov (o)

conservative term creation term

non conservative terms

The three last terms on the right-hand side of (10) can be given an exact probabilistic interpretation at the
continuous time level. Let us underline that some kernels have been modified. The relevant kernels are now
0Oo(K(u,v)/v) for coagulation, Iy(v,?)/v for condensation/evaporation, and voJy(¢)/Q, for nucleation.

3. Mass flow algorithm

The common idea of stochastic algorithms is to make a large number of independent experiments (let us
say MC) and to average over them. This is called the Monte-Carlo loop.

The state of the system within each experiment is represented at time ¢ by the array of numerical particles

(04, @), i =1,...,P"], where P' is the number of numerical particles at time ¢.
The relative densities are approximated by the sum of Dirac® masses

(v, 1) =50 Zw, i) G0, 1) =50 Zwl ) (11)

Note that both relative densities are divided by the initial number of particles .
The aerosol size spectrum [vy, vmax] 1s discretized in a finite number NB of regular bins 1 < /< NB,
B, = vy, v]], v] —v; = Av, then the densities (11) are approximated by piecewise constant functions

i 1 &
vEB, A= > 0beny,  Gv,1) = Z Stvien)- (12)
i=1

3 5 is the Kronecker symbol.
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The choice of vn,,x does not modify the algorithm, it depends only on the aerosol size spectrum that one
wants to focus on.

In order to make the average over the MC experiments, one needs to conserve the aerosol concentration
and mass in each bin /, which we, respectively, call N; and Q,. These two arrays are set to zero before the
Monte-Carlo loop but are not reinitialized during the Monte-Carlo loop, on the contrary to (y;, ®;).

3.1. Description
The extended MFA is then the following over a time period [0, T]:

Algorithm 1 (Extended MFA).
[(NhQ/) = (0’0): i=1,... aPO]
1. Monte-Carlo loop (1 < mc < MC)
a. Initialization: Calculation of [()°,0?), i=1,...,P"]
b. Time loop: [0, 7]
i. Calculation of a time step 7,
ii. Integration of (10) from ¢, to 7, = ¢, + 74
Integration of coagulation:

k& kg ket
(y[vwi) - (yi , @
Integration of condensation/evaporation and deposition:
k+y ks k+1 k+1
(y i ) wi - (y i ) wi )

Integration of nucleation:
creation of J new particles
iii. Removal of numerical particles:
if %1 < vy then the i™ particle is removed.
c. Updating of concentration and mass densities:
Fromi=1,...,PTif yl € B,
then O; — O/ + ol and N, — N, + o! /y!
2. Averaging on the MC experiments.
At the end of the Monte-Carlo loop, N; and Q; are averaged over the MC
experiments: N; < N; x Qy/MC/P° and Q, «— Q; x Qy/MC/P°

The Mass Flow Algorithm is related to the appropriate choice of the sequence of discrete times (# ). The
time step 1, = #+1 — & is computed on the basis of the kernels. The new state at time #.,; is computed by
taking into account in a sequential way coagulation, condensation/evaporation, deposition, and nucleation.
The order of the sequence has no impact on the algorithm’s convergence.

We now give some details for each step.

3.2. Initialization

This step consists in calculating the initial state [()°, ®?), i = 1,...,P’] according to a given mass density
v qo(v).
The mass w; of each particle i is set to unity Vi = 1,...,P°, ®? = 1. The calculation of [)?, i = 1,..., P"]

may be performed:
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o cither by randomly generating each )?, independently according to the probability density, v g,(v);
e or by using a deterministic initialization based on the associated cumulative distribution function:

v 2i—1
0 . ~
» :mf(v// q(u)du}—). (13)
o 2P0

3.3. Time step

Choosing the appropriate time step is a key issue. On the one hand the time step is supposed to be small
enough compared to time scales of physical processes in order to allow an accurate integration. On the
other hand it is expected to be large enough to avoid a prohibitive CPU time.

Let us then define the time scale of each physical process.
¢ For coagulation between aerosols of size y/ and yj’.‘:

%
Qoi K (v, %)
e For condensation/evaporation of aerosols of size yj’? :

¥

O, )]
e For deposition of aerosol of size yj’? :
1
R(Yfa )
e For nucleation of aerosols:

)
U()J() (f) '

As the coagulation kernel is unbounded the smallest time scale is usually due to coagulation. Let us note
1/ the smallest time scale for coagulation whose expression is derived from (14)

(16)

(17)

o K (YK, %)
= e 18
=0 max ( 3 (18)
Then 1 is usually defined as [1]
¢
T — Z, (19)

where c is a constant, As ¢? is the proportion of particles which should coagulate twice, ¢ must be kept
small, it is usually equal to 0.1.

In practice, to ensure an accurate integration of other processes one has to check that 7, remains small
compared to (15)—(17).

The calculation of 4; (18) requires a double loop on P*, which can be expensive in CPU time if P
becomes large. For most coagulation kernels this double loop can be avoided, we give further details in
Appendix C.
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3.4. Calculation of the state at t,,;
The calculation of the new state of the system at time . is performed by the successive integration of
each physical process, the order of integration has no impact on the numerical solution and the algorithm’s

k. are randomly

(20)

convergence.
3.4.1. Integration of coagulation
An array of integers J;, i = 1,...,P*, and an array of real numbers U;, i=1,...,P
generated with the respective uniform probability laws over [1,...,P*] and [0, 1].
Integration of coagulation is performed by making coagulate the numerical particle i (i = 1 to P¥) and J;

if the following condition is met:
KO o
—— w7

k+1 .

Py T ek i U< 00—
Vi

—— — —
A

i=1,...,

The calculation of 7 ensures that 4 always within [0, 1].

3.4.2. Integration of condensationlevaporation and deposition
This step is performed in a deterministic way, that is to say through the integration over the time step t;

of the following ODE system:

I A R R ) 21
with (yfc +%, wf+%) as initial values. Provided the time step t; is small compared to the time scales of con-
densation/evaporation and deposition, Eq. (21) can be solved by an explicit Euler scheme:

=y, (of 4 h), oft = wﬁl)i: e (1) . (22)

Vi °

I Vi
Letting the weights w; of particles evolve with condensation/evaporation and deposition enables to keep the

number of particles constant.

3.4.3. Integration of nucleation

According to Eq. (10) the nucleation process produces a global mass voJy(# )7, of aerosols of size v,
This mass is created independently from already existing aerosols on the contrary to condensation/

within the time step ;.
evaporation, new numerical particles have then to be created to represent this incoming mass.
(23)

Then we define J new numerical particles
o =1, Yy =uv, i=P+1,... P+J,
where J is the integral part of voJy(#)7:. The fractionary part of voJy(4 )t can be treated
e cither by creating a new numerical particle with weight wpe, ;. ; = 1 if the following condition is met:
(24)

U <vodo(tx)tk — J,
where U is a real number randomly generated with the uniform probability law over [0, 1]
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e or by creating a new numerical particle with modified weight
Wpkygy] = U()Jo(lk)fk —J. (25)

The number of numerical particles is then increased, P*"! = P* +J or P*! = P +J + 1.

4. Some numerical tests
4.1. Numerical setup

Analytical solutions of the GDE (1) are available for academic cases only, i.e., constant or linear kernels,
and assuming vy = 0 . In the case of coupled coagulation and condensation, academic cases are nevertheless
interesting as they represent the limiting behavior of an ASD undergoing such processes.

Some analytical solutions are available with the following initial densities and kernels [24]:
Initial ASD:

(a) my(v) = exp ( - i>, (26)

where v, and n, are, respectively, the mean aerosol volume and the total aerosol concentration. We
choose vy = 0.029 pm? and ny = 10°#aerosols cm™3.

e (1) Constant coagulation and constant condensation:

K(u,v) =Ko, I(v,1)=o0. (27)
e (2) Constant coagulation and linear condensation:

K(u,v) =Ky, I(v,t) =ov. (28)
e (3) Linear coagulation and linear condensation:

K(u,v) = Ko(u+v), I(v,t) = ov, (29)

where K, and ¢ are constants.

In Table 1, for each case we define the time scales of coagulation (z.) and condensation (z4), the ratio be-
tween characteristic times (A1), and the dimensionless total number (M,(¢)) and mass concentration (M, (¢)).

One can check that the time scale of coagulation is the time period at the end of which the total aerosol
concentration is divided by two for (1) and (2), by e!=¢ ~ 0.18 for (3) assuming A close to unity.

In the same way the time scale of condensation is the time period at the end of which the total aerosol
volume is multiplicated by 1 + In(2) ~ 1.7 for (1) assuming A close to unity, by e for (2) and (3).

Moments in case (2) are not coupled, i.e., M, depend only of coagulation and M, only of condensation.
That is why cases (1) and (3) are also interesting as M in case (1) and M, in case (3) depend of both physical
processes.

Table 1
Time scales and dimensionless moments
T T4 A=1/t Mo () M (t)
(1) 2/Konyg vm/0 26 /Konotm 1/(1+9) 1+ Aln(1+1)
(2 2/Kong /o 20 /Kono 1/(1+95) exp(%)

(3) 1/Konovm 1/c o /Konovm exp (1 —exp <é)) exp(%)
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We give the solution v— n(v, ¢) for each case, they are obtained by Laplace transform [24] with the initial
density (a), the ASD moments M, and M, are derived in Table 1.
e (1) Constant coagulation and constant condensation:

M) Mo+ A(My — 1
n(v,t):@(—o)exp<—b“‘ . o >> (30)
Um M]-FA(M()-I) M|+A(M0—1)
this is an approximation of the analytical solution, valid for v = v, A(1 + (¢/7.)).
e (2) Constant coagulation and linear condensation:
- no (M())Z v M()
n(v,t) = o M, exp oM, ) (31)
e (3) Linear coagulation and linear condensation:
(0,1) M oy (1= M2 = My)— V1, [ 2(1 — My)/T — My— (32)
n =n)y——= et — — — - My—
) 0 /T = My p 1 0 o 1 1 0 o )

where I; is the modified Bessel function of first kind and first order.

If A < 1 the characteristic time of coagulation is much shorter than this of condensation, which means
that, within a time period 7., condensation may be neglected as compared to coagulation. On the contrary if
A > 1 condensation dominates the ASD evolution. In order to have a real coupling between both processes
we then choose A equal to 1.

In case (1) the coagulation constant is chosen as the Brownian constant (3), in case (2) and (3) the
coagulation and condensation constants are chosen so that time scales are equal to those of case (1).
Numerical values of kernels and time scales are gathered in Table 2.

4.2. Calculations of errors

We compute the mean relative quadratic error for the concentration density:

n (v, T) — nth (v, T)
error = \// Y ) dv, (33)

where v—n™"(p, T) is the mean numerical density over the MC experiments and v+ n"™(v, T) is the the-
oretical density.

As the aerosol size spectrum is discretized in NB bins of width Aw, the integral in Eq. (33) is approxi-
mated by

(e n=sen)

where v, = (v] —v;)/2.

Table 2
Numerical values for kernels and time scales
Ky o Te T4 A
1) 6.405 x 1071% cm? s7! 9.2 x 107 um? s7! ~3122.6 s ~3122.6 s ~1
2) 6.405 x 10710 cm? 57! 3.202 x 107* 7! ~3122.6 s ~3122.6 s ~1

3) 1.115 x 1078 cm?® pm=3 s7! 3.202 x 1074 s7! ~3122.6 s ~3122.6 s ~1
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4.3. Tests

4.3.1. Convergence characterization

We have tested the convergence of the algorithm in the case (2) after a time period 7./2. The final volume
density is shown in Fig. 8.

The main parameters of the MFA algorithm are the number of numerical particles, P, and the number of
Monte-Carlo experiments, MC.

Fig. 1 illustrates the decrease of quadratic errors with respect to P and Fig. 2 with respect to MC.

The asymptotic behavior of the relative quadratic error turns out to be one expected with stochastic
algorithms:

1
error ~ —— (35)

vVMC x P

MC : number of Monte Carlo experiments

2.5

— MC=4
MC=8
-+ MC=16
--- MC=32
- MC=64

T T T T T T

relative error

Lo b o b

[RARARARE

=4
n

[T

1000 2000 3000 4000 5000 6000 7000 8000

S [T

=)

numerical particles number

Fig. 1. Relative quadratic error on the concentration density in function of the numerical particles number.

P : number of numerical particles
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Fig. 2. Relative quadratic error on the concentration density in function of the Monte-Carlo number.
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MC : number of Monte Carlo experiments
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Fig. 3. Relative quadratic error the concentration density, illustration of the accuracy funtion of MC x P.

which suggests the existence of a “central limit theorem™ for coupled coagulation condensation. We must
point out that Eq. (35) represents an asymptotic result, indeed to make MC run to infinity, keeping P
constant, will not allow the error to vanish, because the convergence of coagulation, a non-linear process, is
achieved with P going to infinity. Eq. (35) implies that accuracy is asymptotically proportional to the
product MC x P. Indeed we check in Fig. 3 that for a given accuracy, let us say 0.7, the product MC x P
remains roughly constant equal to 22,000.

As stochastic methods are usually expensive in terms of calculation time, it is also interesting to de-
termine the CPU time behavior with respect to MC and P. Figs. 4 and 5 show, respectively, in LOG10 scale
the CPU time in function of P and MC. It is found that the CPU time evolves as

CPU ~ MC x PVP. (36)

MC : number of Monte Carlo experiments
T . T ———— 3 10000

— MC=4 e
MC=8 -
- MC=16
--- MC=32 e
- MC=64 - -

T T

o 1000

|

T

T TR

T
i
)

1 L 1 L L P I S R
1000 2000 4000 8000

wu
=3
3

numerical particles number

Fig. 4. CPU time in function of the numerical particle number, LOG10 scale.
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P : number of numerical particles
10000 T . T
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\
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Fig. 5. CPU time in function of the Monte-Carlo number, LOG10 scale.

As we would like a good accuracy with a CPU time as low as possible, we investigate the ratio between
accuracy and CPU time:

accuracy ~ MC x P = o aY _ \/p, (37)

CPU

As we have pointed out with Eq. (35), Eq. (37) represents an asymptotic behavior, then provided P is large
enough, it suggests that for a given accuracy one has better to take a number of numerical particles as low
as possible with appropriate cycling.

Time evolution : 1561.3 sec
4e+05|||||||||||||||||IIII|||||IIIIIIIIIIIIIIIIIIIIII

—— initial volume density (a)
MFA solution, P=1000, MC=500
---- analytical solution
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0|1|||||||||||||||||| PRI s 2 e ST W VO) N S R B MR

0 0.1 0.2 0.3 0.4 0.5

aerosol volume [pm3]

Fig. 6. Constant coagulation and constant condensation, CPU time =106 s.
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Time evolution : 1561.3 sec
4e+05 T T T T T T T T T T T

—— initial volume density (a)
---- MFA solution, P=800, MC=500
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Fig. 7. Linear coagulation and constant condensation, CPU time=1053 s.

The results obtained here does not depend on the exact solution taken, therefore we do not repeat these
results for all cases.

4.3.2. Limiting cases
For atmospheric aerosols the coagulation and condensation/evaporation are generally bounded as fol-
lows:

K(u,v) <Cu+v), I(v,t)<ov. (38)

Constant and linear kernels appear to be limiting cases for both processes, therefore it appears interesting
to investigate the algorithm’s behavior for such cases. Furthermore linear coagulation appears for tur-
bulent diffusion and linear condensation is encountered when chemical reactions occur near the aerosol
surface.

Figs. 8 and 9 with linear condensation are characterized by an accumulation of particles at large sizes.
Small particles are never completely removed since the condensation rate vanishes for small particles.
Linear coagulation emphasizes this spreading effect towards large sizes compared to constant coagulation.

That is to note that as the linear coagulation also vanishes for small volumes, small aerosols are removed
neither by condensation nor coagulation, which results in a ASD pick on small aerosols.

Cases with constant condensation (Figs. 6 and 7) are characterized by the fact that at any time ¢ there
remain no aerosols smaller than ot, i.e., v,(¢/7.). Then after the time period 7./2 the ASD breaks down
below 0.014 um?.

As the condensation does not spread the ASD all over the size spectrum, the maximum of the volume
density decreases slowerly then linear condensation.

That is to note the approximation of the analytical solution in case (1) (Fig. 6) is not reliable below 1.5vy,,
ie., 0.043 um’.
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Time evolution : 1561.3 sec
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Fig. 8. Constant coagulation and linear condensation, CPU time =107 s, relative error =0.55.
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Fig. 9. Linear coagulation and linear condensation, CPU time =878 s, relative error =0.28.
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Time evolution : 1561.3 sec
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Fig. 10. Brownian coagulation and diffusive condensation.

4.3.3. Realistic cases

We present in Fig. 10, a comparison between the MFA and a finite element method, let us note
FEM, in the case of Brownian coagulation and diffusive condensation limited to the continuous regime,
for which kernels are defined in Sections 2.1.1 and 2.1.2. In this case the GDE admits no analytical
solution.

Finite element or collocation methods have already been developed, we refer here to [11,12,25]. They
differ depending on the kind of finite elements used. The one we have been developing is based on a spectral
decomposition on orthogonal polynomials. The FEM enables to solve the GDE in a coupled way and
seems to be reliable for operational 3D models.

Time scales of coagulation and condensation depend on the aerosol size, nevertheless one can define
average time scales for both processes

2 ()}
- K()I’l(), g '

Te

(39)
We choose K as the Brownian constant (3) and in order to have comparable time scales we determine ¢ so
that 7. = 74, then ¢ = 3 x 1073 pm? s7!, although it may not be a realistic time scale for condensation.
5. Conclusion

e We have presented in this article a new algorithm based on a stochastic mass flow formulation for the

integration of the GDE of monocomponent aerosols. The key point is that this algorithm may serve as a
reference solution for benchmarking other numerical methods intended for insertion in three dimension
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models. On the contrary to many other algorithms, the theoretical basis is well found, which ensures con-
vergence results. This algorithm is moreover easy to implement.

e This algorithm can be quite easily extended to multicomponents aerosols, the mass w;(¢) of the ith
particle is then split into s =1,...,¢, w{(¢), where ¢ is the number of chemical species involved. By
getting the mass flow equation for the multicomponent case, one can adjust the integration of each
process.

e Future works concern the search for algorithms to be used in a 3D framework. The first step will be the
validation of such methods by comparison with the mass flow algorithm.
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Appendix A. Full expressions of kernels

A.1. Coagulation kernel

e In the continuous regime:

&ww:%@ﬁDMm+m%:(%y7 (A1)

where r, and D, are, respectively, the aerosols radius and the diffusion coefficient for aerosols of size u,
this latter can be easily estimated in the continuous regime from Einstein relation

kT
=" 7 (A.2)
6Tc:uairrlt
where &, is Boltzmann’s constant, T the temperature, and u,;. is the dynamic viscosity of air.
e In the free molecular regime:
%
1 8ky T
K = u v *(c? 2 ; u = A3
o =wrrf @+ e= (0 (A3)

where p, is the specific mass of aerosols, assumed to be independent of the aerosol size, and ¢, is the

mean speed of aerosols of size u, derived from the Kinetics theory of gases.

Between both regimes, i.e., 0.1 <K, < 10, Egs. (A.1) and (A.3) may not be valid. A theoretical correcting
function f was proposed by Fuchs [26] for the transition regime, using the limit sphere method

1
\ A(D, + D
K(w,0) = Ko(i,0)f 0, 0), fluyo) = | —ntre o 4Dt D) (A4)
At g (G )+
with
1 1 8D,
8w = (glz, +g§)23 8u = m {(2714 + /lu)3 - (4]”5 + ii)3/2:| - 2}’u, /114 = o . (A5>
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From the continuous to the transition regime, the diffusion coefficient D, has also to be corrected as
follows:

ke T

B OT Ly, 1 Can, (59

u

where Cy, is a correction factor, usually called Cunningham coefficient. Several expressions of C,, have
been proposed, either empirically [27] or theoretically [28]. A now widely used expression is the one of
Phillips [29] who obtains by solving Boltzmann’s equations around a spherical particle

_ 544¢K, 4 3(cf + DK + 6¢a(ct + 2)K;

Con = S Ky + cal(8 + ) /3]( + DK? (A7)

with¢; = (2 — a)/a, ¢ = 1/(2 — a), and o a slipping coefficient, giving the probability that molecules slip to
the particle’s surface.

A.2. Condensationlevaporation kernel

The condensation/evaporation kernel in the free molecular regime is given by

1" (v,1) = n(r,) ac;

Mo (3
RT(pt pi )) ry = (41_[) ) (A8)

where M; is the molar weight of species i, R the perfect gas constant, 7 the temperature, p* — p/? the
gradient of vapor pressure of i, o the probability for one gas molecule to stick to the aerosol, and ¢; is the
mean speed of molecules of species i, which is usually linked to the diffusion coefficient of i by D; = Z,;:¢;/2.

In the transition regime the condensation kernel can be interpolated by using the limit sphere method.
The generalized kernel can be corrected from the continuous one (4) as follows:

10(U7 t) = 15(”7 t)f(Kna d)a (A9)

where f(K,, o) is a correction function depending on the Knudsen number and a. Some theoretical ex-
pressions of f have been derived for spherical particles [28,30,31]. We give the widely employed expression
of Dahneke [32]

1+ K, 7y

= K, =-. A.10
142K, (1 + Ky) /o’ Dair ( )

S (Kn, )

One can check that for great Knudsen numbers Eq. (A.9) converges toward the theoretical expression in the
free molecular regime (A.8).

Appendix B. Mass flow equation

The mass flow equation is the equation on the relative mass density. By multiplying (1) by the aerosol
size v, one obtains

L) =5 [ Ko = inu ot~ o) du—go.) [ KGounn du—o
vy Yo

+ O(wo.0) o (2)- (B.1)




668 E. Debry et al. | Journal of Computational Physics 184 (2003) 649-669

The coagulation gain may be divided into two equal parts as v = u + (v — u), then the fraction 1/2 dis-
appears, and the condensation term may be split by integration

Ua(fon) _O(hg) Iog

= B.2
ov ov v’ (B2)
we have then
% T K (u, v —u) X K(v,u) 0lq) | Iog
2 (v,8) = /bo ﬁq(u, Hg(v —u,t) du —q(v,1) /vo ” q(u,t) du % + .
+ 5@0’,})00.]0([). (B3)
The mass flow equation is obtained by normalizing with the total initial aerosol mass Q,
0g T K(u,v—u) L K(u,v 0(lhg
6_?(0’ t) = [0 Qo(vfu)q(u g —u,t) du — g(v,¢) / o) ) q(u,t) du — (a(;q)
Iyg Jo(t
+ ikl + Yololt) o(t) O(ug.0)- (B.4)

v o)

Appendix C. Calculation of i;

The definition of 4; involves a double loop on the numerical particles due to the coagulation kernel

0 KO, y))
dy = L C.1
¢ =00, max ( y (C.1)
This can be avoided by closely majorating Ay, first we derive from (C.1)
I < Qp 8% KOE ). (C.2)
k\QO mln,yj XH}?X yz?y] )

As most coagulation kernels can be put in the form

1
K(u,v) = 5 (g(u)h(v) + h(u)g(v)) (C3)
the double loop is majorated by

max K} ,yj) max h(yf) x maxg )/‘ (C4)

Then by making four single loops we obtain an upper bound for 4,

max; 0)

< Qo x max ()] £) x max g(y/)). (C.5)

min; y

For example the continuous Brownian kernel (2) may be majorated as follows:

2k T Y ” 4k, T max,(}) \*
RO S 3y [““%?" (? > g <yl ) } S [l (St 1 (o
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